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Dipartimento di Fisica, Università di Firenze, INFN Sezione di Firenze, 50125 Firenze, Italy

R. Cavanaugh, M. Corden, C. Georgiopoulos
Supercomputer Computations Research Institute, Florida State University, Tallahassee, FL 32306-4052, USA13,14

A. Antonelli, G. Bencivenni, G. Bologna4, F. Bossi, P. Campana, G. Capon, F. Cerutti, V. Chiarella, P. Laurelli,
G. Mannocchi5, F. Murtas, G.P. Murtas, L. Passalacqua, M. Pepe-Altarelli1
Laboratori Nazionali dell’INFN (LNF-INFN), 00044 Frascati, Italy

L. Curtis, J.G. Lynch, P. Negus, V. O’Shea, C. Raine, P. Teixeira-Dias, A.S. Thompson
Department of Physics and Astronomy, University of Glasgow, Glasgow G12 8QQ, UK10

O. Buchmüller, S. Dhamotharan, C. Geweniger, P. Hanke, G. Hansper, V. Hepp, E.E. Kluge, A. Putzer, J. Sommer,
K. Tittel, S. Werner19, M. Wunsch
Institut für Hochenergiephysik, Universität Heidelberg, 69120 Heidelberg, Germany16

R. Beuselinck, D.M. Binnie, W. Cameron, P.J. Dornan1, M. Girone, S. Goodsir, E.B. Martin, N. Marinelli,
J.K. Sedgbeer, P. Spagnolo, E. Thomson, M.D. Williams
Department of Physics, Imperial College, London SW7 2BZ, UK10



600 The ALEPH Collaboration: Study of τ decays involving kaons

V.M. Ghete, P. Girtler, E. Kneringer, D. Kuhn, G. Rudolph
Institut für Experimentalphysik, Universität Innsbruck, 6020 Innsbruck, Austria18

A.P. Betteridge, C.K. Bowdery, P.G. Buck, P. Colrain, G. Crawford, A.J. Finch, F. Foster, G. Hughes, R.W.L. Jones,
N.A. Robertson, M.I. Williams
Department of Physics, University of Lancaster, Lancaster LA1 4YB, UK10

I. Giehl, C. Hoffmann, K. Jakobs, K. Kleinknecht, G. Quast, B. Renk, E. Rohne, H.-G. Sander, P. van Gemmeren,
H. Wachsmuth, C. Zeitnitz
Institut für Physik, Universität Mainz, 55099 Mainz, Germany16

J.J. Aubert, C. Benchouk, A. Bonissent, J. Carr1, P. Coyle, F. Etienne, F. Motsch, P. Payre, M. Talby, M. Thulasidas
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Abstract. All ALEPH measurements of branching ratios of τ decays involving kaons are summarized
including a combination of results obtained with K0

S and K0
L detection. The decay dynamics are stud-

ied, leading to the determination of contributions from vector K∗(892) and K∗(1410), and axial-vector
K1(1270) and K1(1400) resonances. Agreement with isospin symmetry is observed among the different
final states. Under the hypothesis of the conserved vector current, the spectral function for the KKπ
mode is compared with the corresponding cross section for low energy e+e− annihilation, yielding an
axial-vector fraction of (94+6

−8)% for this mode. The branching ratio for τ decay into all strange final states
is determined to be B(τ− → X−(S = −1)ντ ) = (28.7 ± 1.2) × 10−3. The measured mass spectra of the
strange τ decay modes are exploited to derive the S = −1 spectral function. A combination of strange and
nonstrange spectral functions is used to determine the strange quark mass and nonperturbative contribu-
tions to the strange hadronic width. A method is developed to avoid the bad convergence of the spin zero
hadronic component, with the result ms(M2

τ ) = (176+46
−57) MeV/c2. The evolution down to 1 GeV gives

ms(1 GeV2) = (234+61
−76) MeV/c2.
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1 Introduction

Hadronic τ decays provide a clean environment for study-
ing the physics of hadrons, which are produced via W
exchange, i.e., from the QCD vacuum. For this reason,
the global properties of hadronic systems in τ decay are
described by fundamental quantities, called spectral func-
tions, which measure the transition probability to create
hadrons out of the vacuum as a function of the hadronic
mass. Due to their unambiguous theoretical and exper-
imental definition, τ spectral functions provide informa-
tion on hadron dynamics in an interesting mass region
which is dominated by resonances and leads to the sim-
pler asymptotic QCD regime. The ALEPH Collaboration
has already published analyses of the nonstrange vector
[1] and axial-vector [2] spectral functions. The nonstrange
vector spectral function can be compared to the corre-
sponding cross sections in e+e− annihilation [1] in order
to test isospin invariance of the electroweak vector cur-
rent, formerly called the conserved vector current (CVC)
hypothesis. Detailed QCD studies have been performed
using the nonstrange vector and axial-vector spectral func-
tions, resulting in a precise determination of the strong
coupling constant αs(M2

τ ) [2]. In this paper, attention is
turned to the τ decays involving kaons, which are of im-

portance in order to address issues in both strange and
nonstrange decay dynamics [3,4].

Recently, ALEPH completed the measurement of τ de-
cay branching ratios involving kaons [5–8], as summarized
in Table 1, which allows a comprehensive study of the
strange sector and of some aspects of the dynamics in
the final states with a KK pair. These analyses involve
the detection of charged kaons and neutral kaons (K0

L,
K0

S). Assuming CP invariance the K0
S and K0

L branch-
ing ratios can be averaged. The corresponding results are
given in the right-hand column of Table 1. Although the
strange final states are Cabibbo suppressed, the preci-
sion achieved in these measurements enables many sig-
nificant tests, ranging from µ − τ lepton universality to
hadron dynamics, resonance production and QCD anal-
yses. In addition, the results are checked for consistency
with isospin relations between the rates observed for dif-
ferent final states.

One of the outstanding issues in the nonstrange sector
is the vector and axial-vector composition of the KKπ
final state. This was a limitation in the QCD analysis
of [2]. New information on this point is obtained from
the ALEPH measurement of all relevant decay modes1
K0

SK0
Lπ−, K0

SK0
Sπ−, K+K−π− and K0K−π0. In addi-

1 Throughout this paper, charge conjugate states are implied
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Table 1. Summary of branching ratios for τ decays involving kaons from ALEPH data.
Channels with neutral kaons are measured separately using their K0

L and K0
S components.

Modes are split into the strange (S = −1) and nonstrange (S = 0) sectors of τ decays. Due to
the limitations of statistics and particle identification, the net strangeness of the K0h−h+h−

mode has not been determined (h stands for π or K). The last column presents the average
of K0

S and K0
L results for final states with K0 and K−K0, and the sum of all components for

final states with K0K0

Decay K0 detected S B (10−3) B(K0
L + K0

S) (10−3)

τ− → K−ντ − 6.96 ± 0.29 −
τ− → K−π0ντ − 4.44 ± 0.35 −
τ− → K0π−ντ K0

L 9.28 ± 0.56
τ− → K0π−ντ K0

S 8.55 ± 1.34 9.17 ± 0.52

τ− → K0π−π0ντ K0
L 3.47 ± 0.65

τ− → K0π−π0ντ K0
S 2.94 ± 0.82 3.27 ± 0.51

τ− → K−π+π−ντ − −1 2.14 ± 0.47 −
τ− → K−π0π0ντ − 0.56 ± 0.25 −
τ− → K0π−π0π0ντ K0

L < 0.66 (95% C.L.)
τ− → K0π−π0π0ντ K0

S 0.58 ± 0.36 0.26 ± 0.24

τ− → K−π0π0π0ντ − 0.37 ± 0.24 (excl. η) −
τ− → K−π+π−π0ντ − 0.54 ± 0.43 (excl. η) −
τ− → K−ηντ − 0.29+0.15

−0.14 −
τ− → K−K+K−ντ − < 0.19 (95% C.L.) −
τ− → K−K0ντ K0

L 1.62 ± 0.24
τ− → K−K0ντ K0

S 1.58 ± 0.45 1.61 ± 0.21

τ− → K−K0π0ντ K0
L 1.43 ± 0.29

τ− → K−K0π0ντ K0
S 1.52 ± 0.79 1.45 ± 0.27

τ− → K−K0π0π0ντ K0
L < 0.18 (95% C.L.)

τ− → K−K0π0π0ντ K0
S 0 < 0.39 (95% C.L.) < 0.16 (95% C.L.)

τ− → K0
SK0

Lπ−ντ − 1.01 ± 0.26
τ− → K0

SK0
Sπ−ντ − 0.26 ± 0.12 1.53 ± 0.35

τ− → K0
SK0

Lπ−π0ντ − 0.31 ± 0.12
τ− → K0

SK0
Sπ−π0ντ − < 0.20 (95% C.L.) 0.31 ± 0.23

τ− → K−K+π−ντ − 1.63 ± 0.27 −
τ− → K−K+π−π0ντ − 0.75 ± 0.33 −
τ− → K0h−h+h−ντ K0

S mixed 0.23 ± 0.20 0.23 ± 0.20

tion, the availability of the corresponding isovector cross
section measured in e+e− annihilation and assuming CVC
allows an independent determination of the vector fraction
in the (KKπ)−ντ channel, with a significant improvement
in accuracy.

Because G-parity cannot be defined for the strange
hadronic states, it is difficult to separate vector and axial-
vector contributions. Furthermore, the relatively low
statistics do not permit different spin-parity states to be
unfolded from the overall decay distributions. Experimen-
tally, the Kππ system is the most complex one to deal
with, since it contains contributions from two axial-vector
mesons, K1(1270) and K1(1400), and one vector meson,
K∗(1410). However, the K∗(1410) state can be measured
in the (Kπ)−ντ channel by its interference with the dom-
inant K∗(892) production, analogously to the ρ(770) −
ρ(1450) situation in the ππ0 final states [1]. Unlike the

K1(1400) and K∗(1410), the axial-vector K1(1270) decays
significantly into Kρ. And so fits to the invariant ππ mass
distributions [5–7], which measure the Kρ fraction, deter-
mine the total K1(1270) contribution. A fit to the invari-
ant Kππ mass spectrum provides additional information
on the resonance content. It is important to separate the
vector and axial-vector contributions in the strange sector
of τ decays to obtain information on the size of the non-
perturbative QCD part in the τ hadronic width. This has
been observed to be very small in the nonstrange case [2].

Independently of the resonance structure, the total
strange spectral function is determined, without separat-
ing vector and axial-vector contributions. Similar to the
nonstrange sector, the τ strange spectral functions are key
ingredients for QCD studies and provide the possibility to
follow the results as a function of a variable “τ mass” [2].
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One of the free parameters of the Standard Model,
the strange quark mass ms, appears in many phenomeno-
logical calculations, such as in the prediction of the CP-
violating kaon parameters ε′/ε [9]. The strange τ decay
rate is sensitive to ms [10] which can be experimentally
determined. A breaking of chiral symmetry, induced by
the relatively large strange quark mass, introduces a mass
dependence into the perturbative QCD prediction of the
total strange hadronic width of the τ . Using the total rates
and moments of the respective spectral functions, a com-
bination of strange and nonstrange modes can be found
which cancels the dominant massless perturbative contri-
bution, enabling the strange quark mass to be derived
by means of a combined fit with nonperturbative con-
tributions. An error in the theoretical calculation [11] of
the second-order perturbative term was recently pointed
out [12]. After correction, a problematic convergence be-
haviour of the perturbative series is observed [12–14], lead-
ing to a larger theoretical uncertainty on ms than had pre-
viously been assumed and to a bias in the central value
obtained [3]. In this analysis, particular attention is de-
voted to this question and a new method is introduced
[15] to avoid the convergence problem.

2 µ − τ lepton universality

Lepton universality requires that the W− boson coupling
to any lepton pair lν̄l be of the same strength gl; this
hypothesis is in agreement with studies in the leptonic and
hadronic sectors [16]. Lepton universality can be tested
in the strange sector by comparing the decay widths of
τ− → K−ντ and K− → µ−ν̄µ. The following ratio, in
which the common CKM matrix element and the decay
constant fK both cancel, is precisely predicted by theory:

Rτ/K ≡ Γ (τ− → K−ντ )
Γ (K− → µ−ν̄µ)

≡ B(τ− → K−ντ )τK

B(K− → µ−ν̄µ)ττ

=
1
2

g2
τ

g2
µ

M3
τ

MKM2
µ

(1 − M2
K/M2

τ )2

(1 − M2
µ/M2

K)2
(1 + δRτ/K) , (1)

with the radiative correction δRτ/K = (0.90±0.22)% [17],
B(K− → µ−ντ ) = BK = (63.51±0.18)%, τK = (1.2386±
0.0024) × 10−8 s, and ττ = (290 ± 1.2) × 10−15 s [18].
Assuming µ − τ universality (gτ = gµ), (1) predicts

B(τ− → K−ντ ) = (7.14 ± 0.02th ± 0.02BK
± 0.03ττ

)
×10−3 , (2)

where only sizeable contributions to the errors are given
(the theoretical uncertainty is from radiative corrections).

The comparison of (2) with the ALEPH measurement

B(τ− → K−ντ ) = (6.96 ± 0.25 ± 0.14) × 10−3 (3)

yields
gτ/gµ = 0.987 ± 0.021, (4)

which agrees with the universality assumption within one
standard deviation.

The measurement (3) can also be exploited to deter-
mine fK if lepton universality is assumed to hold. One
obtains2

fK =
1

GF |Vus|
(

1 − M2
K

M2
τ

)−1

×M
− 3

2
τ

√
B(τ− → K−ντ )

ττ
, (5)

where GF = (1.16639 ± 0.00002) × 10−5 GeV−2 [18] is
the Fermi coupling constant, and radiative corrections are
ignored. This results in

fK = (111.5 ± 2.3 ± 0.9) MeV , (6)

where the first error is from the uncertainty on B(τ− →
K−ντ ) and the second from Vus.

3 Study of resonance structure and dynamics

The decay dynamics of τ decays involving kaons are inves-
tigated via the invariant mass spectra. Due to the small
statistics, decay modes other than (Kπ)−, (Kππ)− and
(KKπ)− are not discussed here. Even for these, only a
qualitative approach based on simple descriptions can be
considered.

3.1 Mass spectrum for τ− → (Kπ)−ντ

Three measured modes, K−π0, K0
Sπ− and K0

Lπ−, are
used to study the invariant mass of the Kπ system. The
K∗(892)− dominance is well established in all the cases
[6,7]. For the first two modes, where the mass resolu-
tion is good enough, some excess is observed at large
mass over and above the expected K∗(892)− tail. This
could arise from a possible K∗(1410) vector state contri-
bution, expected to be dominated by K∗(892)−K∗(1410)
interference as already observed for ρ(770) − ρ(1450) in
the π−π0 system [1]. Theoretically, the decay rate for
τ− → (Kπ)−ντ relative to the electronic width is ex-
pressed as [19,20]

ΓKπ/Γe ∼
∫

ds

M2
τ

(
1 − s

M2
τ

)2 (
1 + 2

s

M2
τ

)

× (
s − M2

+
)3/2 (

s − M2
−

)3/2
s−3|f(s)|2 , (7)

where M± = MK ±Mπ and the form factor includes both
K∗(892) and K∗(1410) contributions, namely

f(s) =
1

1 + β
[BWK∗(892)(s) + βBWK∗(1410)(s)] , (8)

2 The decay constant fP should be scaled by a factor of
√

2
to compare with the value given in [18]
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Table 2. Fit results for τ− → K−π0ντ and τ− → K0
Sπ−ντ decays. The errors

given are statistical only. Because the background of τ− → K−K0ντ dominates
over the higher K0

Sπ− invariant mass tail, the background subtraction relies
on the model prediction [20] and introduces additional systematic uncertainties
in the K0

Sπ− system. The fixed values for the masses and widths of the K∗

resonances are taken from [18]

Parameter Fit 1 (K−π0) Fit 2 (K−π0) Fit 3 (K−π0 + K0
Sπ−)

MK∗(892) (GeV/c2) 0.895 ± 0.002 0.892 0.892
ΓK∗(892) (GeV/c2) 0.055 ± 0.008 0.050 0.050
β −0.06 ± 0.07 −0.11 ± 0.05 −0.12 ± 0.04
MK∗(1410) (GeV/c2) 1.412 1.412 1.412
ΓK∗(1410) (GeV/c2) 0.227 0.227 0.227

χ2/ndf 13.0/19 16.0/21 19.8/21

where β is assumed to be real [20]. The two Breit-Wigner
propagators have the form

BW (s) =
M2

0

M2
0 − s − i

√
sΓ (s)

, (9)

with an energy dependent width Γ (s)

Γ (s) = Γ0
M2

0

s

(
p(s)

p(M2
0 )

)2l+1

, (10)

p(s) =
1

2
√

s

√
(s − M2

+)(s − M2−) , (11)

where l is the K − π angular momentum, i.e., l = 1 for p
wave.

The K∗(1410) search is performed using only the
K−π0 channel as this has the lowest background in the
interference region and the best mass resolution. Figure 1
shows the mass spectrum after background subtraction
and bin by bin correction for both resolution and accep-
tance. The fits using the above parametrization are listed
in Table 2. If the mass and width of the K∗(892) are
left free (Fit 1), the fitted values are found to be con-
sistent with the world average [18]. With the fixed K∗
parameters, the final value is obtained (Fit 2) using the
K−π0 data, where the systematic uncertainty from the
non-Kπ events is negligible. A fit to the combined K−π0

and K0
Sπ− invariant mass distributions is also given (Fit

3).
The measurement of β = −0.11 ± 0.05 is, as expected

from SU(3) flavour symmetry, in agreement with the
ρ(1450) contribution (β = −0.094±0.007 from the ALEPH
measurement of the decay τ− → π−π0ντ [1]). Low statis-
tics do not allow much more information to be derived
from the fit; however, leaving the phase of β as a free
parameter yields a value (180 ± 55)◦, consistent with the
assumption made.

The relative K∗(892) and K∗(1410) “diagonal” con-
tributions to the τ− → (Kπ)−ντ branching ratio deter-
mined from the value of β are found to be (97.5+1.0

−1.4)%
and (0.8+0.7

−0.5)%, respectively, the interference contributing
(1.7+0.7

−0.5)% for the remainder. According to [18] the decay
fraction of K∗(1410) into Kπ is (6.6 ± 1.3)%, and for this
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Fig. 1. The invariant mass spectrum for τ− → K−π0ντ after
background subtraction, bin migration and acceptance correc-
tions. The fit is described by the solid curve, taking into ac-
count both K∗(892) and K∗(1410) contributions with inter-
ference. The dashed and dotted curves show the K∗(892) and
K∗(1410) parts

analysis the rest is assumed to decay into Kππ final states.
After correction for the τ kinematic factor (see (34)), this
fraction becomes (7.2 ± 1.4)% for K∗(1410) produced in
τ decays and leads to

B(τ− → K∗(1410)−ντ ) = (1.5+1.4
−1.0) × 10−3 , (12)

using the Kπ branching fraction from Table 1.
In this analysis, a contribution from the scalar

K∗
0 (1430) has been ignored. No evidence for this state is

seen in the Kπ mass plot. Nevertheless, a fit with this con-
tribution was performed using the resonance parameters
from [18]. A 95% confidence level upper limit of 0.5×10−3

is derived for the corresponding branching ratio.

3.2 Mass spectra for τ− → (Kππ)−ντ

The (Kππ)− decay occurs in the four final states K−π+π−,
K0

Sπ−π0, K0
Lπ−π0 and K−π0π0. Its invariant mass spec-
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trum as well as the spectra for the Kπ and ππ subsystems
reveal details of the underlying decay dynamics.

3.2.1 Contribution from K∗(1410)

The fitted contribution of K∗(1410) found in the previ-
ous section has consequences for the (Kππ)− final state,
for which the corresponding branching fraction is (5.97 ±
0.74) × 10−3 as computed from Table 1. The fraction
(92.8 ± 1.4)% of K∗(1410) decaying into Kππ is used to
estimate the vector Kππ component, while the remainder
is attributed to the axial-vector contribution dominated
by K1(1270) and K1(1400). For the vector current part,
one obtains

B(τ− → K∗(1410)−ντ → (Kππ)−ντ )

= (1.4+1.3
−0.9

+0.0
−0.4) × 10−3 , (13)

where the first uncertainty comes from the fit to the Kπ
invariant mass, while the second uncertainty arises from
the possibility for the K∗(1410) to decay into Kη. After
subtracting this vector component, the axial-vector con-
tribution to the Kππ decay modes is

BA(τ− → (Kππ)−ντ ) = (4.6+1.2
−1.5) × 10−3 . (14)

3.2.2 Kρ and K
∗
π fractions

The Kπ and ππ mass spectra are used to search for the
intermediate states K

∗
π and Kρ. The Kρ fraction can re-

veal the presence of the axial vector K1(1270) resonance
which decays about 50% of the time to Kρ [18], unlike the
K1(1400) which decays almost purely to K

∗
π. For prac-

tical reasons related to the shape of the different back-
grounds, the most efficient way for separating the K

∗
π

and Kρ intermediate states is to fit the ππ invariant mass
spectra where background and non-Kρ contributions are
essentially located at lower masses.

No excess in the ρ mass region is found in the K−π0π0

mode, as expected, while a ρ signal is observed in the
K−π+π− mode [5] and also in both the K0

Sπ−π0 [6] and
K0

Lπ−π0 modes [7]. With the assumption that the Kππ
final states proceed only via an incoherent superposition
of the intermediate states Kρ and K

∗
π, a sum of a ρ Breit-

Wigner signal with the τ kinematic factor and the shape
of the K

∗
π reflections obtained from simulation is used to

fit the ππ mass spectrum after subtracting the non-Kππ
background. It yields the fractions fK−ρ0 = (39 ± 14)%
for the K−π+π− mode3 and fK0ρ− = (74 ± 13)% for the

K0π−π0 mode. The sum of the fits to the ππ invariant
mass spectra is shown in Fig. 2. These results indicate that
the (Kρ)− intermediate state plays an important role in

3 This value differs slightly from the published result (35±11)
in [5] which was obtained with a ρ lineshape inadvertently not
corrected for the τ kinematic factor
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Fig. 2. The ππ invariant mass spectrum for τ− → (Kππ)−ντ

after background subtraction. The overall fit, the expected ρ
signal and K

∗
π reflection are shown in solid, dotted and dashed

histograms

the Kππ mode. The smaller value in the K−π+π− mode
is understood from isospin considerations as discussed in
Sect. 5. The sum of decays involved in the Kρ intermediate
state gives B(τ− → (Kρ)−ντ ) = (3.25 ± 0.67) × 10−3.

The branching fraction of the K1(1270) into Kρ is
taken from [18] and becomes (52 ± 7)%, when taking into
account the τ kinematic factor. A first estimate of the
branching ratio to the K1(1270) is therefore derived to be

B(τ− → K−
1 (1270)ντ )

= (6.3 ± 1.5) × 10−3 (Kρ fractions) , (15)

where all the Kρ states are assumed to originate from
K1(1270) decay only.

3.2.3 Fit to Kππ resonances

The description of the Kππ mass spectrum in terms of
the resonant states K1(1270), K1(1400) and K∗(1410)
is rather complicated because several intermediate states
are involved, as discussed in [21,22]. Therefore, the shape
of the respective mass distributions is obtained from the
Monte Carlo simulation, taking into account all the known
intermediate states. The resonance parameters for the
K1(1270), K1(1400) and K∗(1410) are fixed at 1.273 GeV/
c2, 1.402 GeV/c2 and 1.412 GeV/c2 for the masses and
at 0.15 GeV/c2, 0.174 GeVc2 and 0.227 GeV/c2 for the
widths. The chosen width for the K1(1270) is different
from the value in [18], because of the parametrization
adopted: it should be interpreted as an effective width, re-
sulting from the opening of the different decay channels. It
has been checked that the resulting line shape agrees well
with the existing data [21,22]. However as the value for the
width can have a strong effect on the relative fractions in
the K1(1270) decay, an uncertainty of ±0.05 GeV/c2 is as-
signed to it. The mass resolution and the statistics are not
sufficient to separate the K1(1400) and K∗(1410) states,
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Fig. 3. The invariant mass-squared distribution for τ− →
(Kππ)−ντ after efficiency corrections for the different final
states and background subtraction. Data are shown by the dots
with error bars. The fit is described by the solid curve, while
the expected K1(1270) and K1(1400) contributions are sepa-
rately depicted by the dashed and the dotted curves

and so an effective resonance is used instead, averaging the
parameters of the two states. To obtain the shapes includ-
ing all the intermediate states, the K1(1270) decays into
Kρ, K∗(892)π, K∗(1430)π and Kf0(1370) are generated
separately and then combined according to the relative
fractions given in [18]. Since the τ kinematic factor mod-
ifies the branching ratios, the fractions for the different
final states are recomputed for K1(1270) production in τ
decays, yielding (52±7)%, (25±8)%, (8±1)%, (14±3)%
and (1 ± 1)% for the Kρ, K∗(892)π, K∗(1430)π Kω and
Kf0 final states, respectively. The fit is shown in Fig. 3,
giving χ2/ndf = 14.1/22 and a fraction

fK1(1270) = (41 ± 19 ± 15)% , (16)

where the first error is of statistical origin and the second
comes from the K1(1270) width. Because the total branch-
ing ratio for the Kππ modes is B(τ− → (Kππ)−ντ ) =
(5.97 ± 0.74) × 10−3, the expected branching ratio for
K1(1270) is

B(τ− → K−
1 (1270)ντ )

= (2.9 ± 1.7) × 10−3 (Kππ fit) , (17)

taking into account the fact that (86 ± 3)% of the
K1(1270)’s decay into Kππ final states.

The values (15) and (17) obtained from two indepen-
dent estimates are in fair agreement and their combination
yields

B(τ− → K−
1 (1270)ντ ) = (4.8 ± 1.1) × 10−3 (combined) .

(18)
From this value, the τ decay into K−ω through K−

1 (1270)
is estimated (using the branching ratio in [18]) to be (0.67
±0.21) × 10−3, indicating an axial-vector contribution of
BA(τ− → K−π+π−π0ντ ) = (0.59 ± 0.19) × 10−3 in the
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Fig. 4. The invariant mass-squared distribution for τ− →
(KKπ)−ντ after efficiency corrections for the different final
states and background subtraction. Data are shown by the dots
with error bars. The histogram represents the model expecta-
tion [23]

measured Kπππ decay modes. Comparing the results in
(14) and (18), and using the effective branching fractions
of (86 ± 3)% and 100% [18] for the decay of K−

1 (1270)
and K−

1 (1400) into Kππ, one obtains a branching ratio
B(τ− → K−

1 (1400)ντ ) = (0.5±1.7)×10−3, which is some-
what reduced in comparison with that of K−

1 (1270).

3.3 Mass spectra for τ− → (KKπ)−ντ

Almost all possible final states for (KKπ)− are studied
by ALEPH (Table 1): K+K−π−, K0

SK0
Sπ−, K0

SK0
Lπ−,

K−K0
Sπ0 and K−K0

Lπ0. The K+π− mass plot in the
K+K−π− mode shows a clear K∗(892)0 signal, and a fit
yields a fraction of (87 ± 13)% for the K∗K− component
[5]. A strong K∗(892)− signal is also found in the K−K0

Lπ0

mode with an estimated lower limit of 86% at 90% confi-
dence level for the K

∗
(K∗) component [7], confirming the

conclusion of K∗ dominance in the KKπ mode.
Both the K+K−π− and K−K0

Sπ0 modes are used to
measure the total KKπ invariant mass distribution, scal-
ing their rates by a factor of two. Figure 4 shows the
combined KKπ invariant mass-squared distribution after
correcting for resolution and efficiency. The Monte Carlo
expectation [23], based on a1 dominance, is observed to
be consistent with the data.

4 Tests of isospin invariance

Isospin relations relevant to τ decays into kaons have been
established in [24–26]. The set of results obtained by
ALEPH allows for a complete test of these relations. Apart
from testing isospin invariance in the hadronic states ac-
cessible in τ decays, this procedure can be helpful as a
consistency check among the different final states, regard-
less of the decay dynamics.
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Fig. 5. The published branching ratios for τ− → (Kπ)−ντ [6,
7,27], using all three measured modes and assuming I = 1/2

4.1 The decay τ− → (Kπ)−ντ

The branching ratios of the three final states of the decay
τ− → (Kπ)−ντ , respectively, K−π0, K0

Sπ− and K0
Lπ−,

are presented in Table 1. A study of the corresponding
invariant mass spectra shows that the decay is dominated
by K∗(892), with a small component of K∗(1410) visi-
ble through its interference with K∗(892) as presented in
Sect. 3.1. Isospin symmetry for an I = 1/2 state, together
with the assumption of equal K0

S and K0
L contributions,

constraints the rates for the three final states to be equal
up to small mass corrections. Taking this into account, the
above three measurements are well consistent with isospin
symmetry, giving a χ2/ndf = 0.9/2. Using isospin symme-
try as a constraint yields the total branching ratio

B(τ− → (Kπ)−ντ ) = (13.60 ± 0.62) × 10−3 . (19)

A comparison between this analysis and the other mea-
surements is shown in Fig. 5.

From the fit performed in Sect. 3.1, the branching ratio
for K∗(892)− production is found to be

B(τ− → K∗(892)−ντ ) = (13.26 ± 0.63) × 10−3 . (20)

4.2 The decay τ− → (Kππ)−ντ

For a total isospin I = 1/2 and the two possible isospin
values Iππ = 0, 1 for the ππ system, a relation can be
established among the branching ratios of the K0π−π0,
K−π+π− and K−π0π0 modes [25]:

B(τ− → K−π+π−ντ ) (21)

=
1
2
B(τ− → K0π−π0ντ ) + 2B(τ− → K−π0π0ντ ) .

In order to examine to what extent the above isospin con-
straint is satisfied by experiment, it is convenient to use
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Fig. 6. The decay fractions for K−π+π−ντ and K0π0π−ντ

given by the standard error ellipse (39% probability). The
isospin constraint is shown by the straight line. The triangles
indicate possible intermediate states dominated by K

∗
π, Kρ

or K−(ππ)I=0

Table 3. The relative fraction for each Kππ mode from isospin
symmetry for the possible intermediate states. The test of these
fractions is given by the χ2/ndf values for the hypothesis that
the given intermediate state dominates

Mode K−π+π− K0π−π0 K−π0π0 χ2/ndf

Kρ 1/3 2/3 0 7.0/3
K

∗
π 4/9 4/9 1/9 2.8/3

K−(ππ)I=0 2/3 0 1/3 88.7/3

the relative fractions of the total Kππ branching ratio
for each individual mode. This gives f(K0π−π0) = 0.55±
0.06, f(K−π+π−) = 0.36±0.06, and f(K−π0π0) = 0.09±
0.04 from the ALEPH measurements with a correlation
coefficient of −0.8 between f(K0π−π0) and f(K−π+π−).
The corresponding error ellipse is given in Fig. 6, show-
ing that the isospin relation (21) is satisfied within one
standard deviation.

The isospin relations can be tested in more detail if the
different intermediate states are separated. Three possible
intermediate states occurring in the (Kππ)− final state are
considered: Kρ and K−(ππ)I=0 corresponding to Iππ = 1
and 0, respectively, and K

∗
π, with the expected relative

rates in the different final states as given in Table 3. It
turns out that a pure K−(ππ)I=0 is excluded by the mea-
surement, while a combination of Kρ and K

∗
π can fit the

data well. This is in agreement with the findings of the
resonance structure analysis performed in Sect. 3.2.2. A
further check of the isospin symmetry is achieved taking
advantage of the Kρ and K

∗
π separation provided by the

ρ resonance fits performed in the two relevant channels.
The results given in Table 4 are in agreement with the
expectations.
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Table 4. Test of isospin symmetry for different intermediate states. The
separation of the branching ratios for Kρ and K

∗
π is based on the mea-

surements of the Kρ fractions. The χ2/ndf values represent the consis-
tency with the expected relative ratios given in Table 3

Mode K−π+π− (10−3) K0π−π0 (10−3) K−π0π0 (10−3) χ2/ndf

Kρ 0.83 ± 0.35 2.42 ± 0.57 0 0.7/3
K

∗
π 1.31 ± 0.41 0.85 ± 0.45 0.56 ± 0.25 1.8/3

Table 5. The relative fractions for each Kπππ mode expected by isospin invariance for
I3π = 1. The three numbers (n1n2n3) label Pais’ isospin classes [28]. The test of isospin
symmetry is given by the χ2/ndf values for the hypothesis that the given intermediate state
dominates

Class K−π+π−π0 K−π0π0π0 K0π+π−π− K0π−π0π0 B(K3π) (10−3) χ2/ndf

(300) 2/15 1/5 8/15 2/15 0.65 ± 0.39 1.8/3
(210) 1/3 0 1/3 1/3 0.83 ± 0.46 3.0/3

4.3 The decay τ− → (Kπππ)−ντ

The final states considered include K−π+π−π0, K−π0π0

π0, K0h+h−h− and K0π−π0π0, in which the K−η con-
tributions are excluded. Since the net strangeness for the
K0h+h−h− modes is not determined, K0π+π−π− dom-
inance is assumed. Isospin invariance for the 3π system
leads to only three symmetry classes [25,28]: two with
I3π = 1, as shown in Table 5, and one with I3π = 0,
expected to be dominated by the K−ω state. An axial-
vector contribution from the decay K−

1 (1270) → K−ω →
K−π+π−π0, amounting to (0.59 ± 0.19) × 10−3, was de-
duced in Sect. 4.2 and is subtracted from the K−π+π−π0

mode.
The expected relative contributions from the I3π = 1

classes are compared to data in Table 5. The present ex-
perimental precision does not allow definite conclusions.
However, the different isospin configurations can be used
to derive a better estimate of the total rate. The two
isospin possibilities lead to consistent values (see Table 5)
and the average using the Fermi statistical weights [28]
yields (excluding the K−ω mode)

B(τ− → (Kπππ)−ντ ) = (0.76 ± 0.44) × 10−3 . (22)

4.4 The decay τ− → (KKπ)−ντ

For this mode, the decay dynamics are investigated us-
ing the branching ratios for all the relevant final states:
K+K−π−, K0

SK−π0, K0
LK−π0, K0

SK0
Lπ− and K0

SK0
Sπ−,

as shown in Table 1. If the contribution of second-class
currents is ignored, the rates for K+K−π− and K0K0π−
are expected to be equal [25], in agreement with the mea-
surement

B(τ− → K0K0π−ντ )
B(τ− → K+K−π−ντ )

= 0.94 ± 0.27 . (23)

The possible intermediate states appearing in these de-
cay modes are considered to be K∗K + K∗K (denoted
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Fig. 7. The decay fractions for K0K−π0ντ and K−K+π−ντ ,
given by a standard ellipse (39% probability), are compared to
the isospin constraint on the KKπ mode, shown by the straight
line. The triangles indicate the intermediate states dominated
by π(KK)I=0, K∗K or ρπ

K∗K), ρπ and π(KK)I=0, corresponding to the fractions
shown in Table 6. The test of isospin symmetry is con-
sistent with the K∗K intermediate state as illustrated in
Fig. 7, in agreement with the conclusion from the analysis
of the Kπ mass spectra.

4.5 The decay τ− → (KKππ)−ντ

The limited experimental information (see Table 1) on
KKππ final states makes it impossible to study this chan-
nel in any detail. Nevertheless, some conclusions can still
be drawn. First, the rates for τ− → K+K−π−π0ντ and
τ− → K0K0π−π0ντ are consistent within their uncertain-
ties, as expected by isospin symmetry and the absence of
second-class currents [25]. Then, the relative fractions ob-
served in the different modes can be compared with the
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Table 6. The relative fraction for each KKπ mode in view of isospin relations for
three possible intermediate states. The test of these relations is given by the χ2/ndf
values for the hypothesis that the given intermediate state dominates

Mode K−K+π− K0
SK0

Lπ− K0
SK0

Sπ− + K0
LK0

Lπ− K−K0π0 χ2/ndf

K∗K 1/3 1/6 1/6 1/3 2.1/3
ρπ 1/4 1/4 0 1/2 16.0/3
π(KK)I=0 1/2 0 1/2 0 99.0/3

expectations from the possible isospin configurations [26],
with a strong preference for the (IKK = 0, Iππ = 1) states
and to a lesser extent (IKK = 1, Iππ = 1). The weighted
average over the two non-zero modes yields an estimate
for the total rate

B(τ− → (KKππ)−ντ ) = (0.5 ± 0.2) × 10−3 . (24)

5 Vector and axial-vector separation

The separation of the τ final states into vector and axial-
vector currents provides important information for QCD
studies. Any deviation between the inclusive sums of vec-
tor and axial-vector hadronic branching ratios is necessar-
ily a result of nonperturbative phenomena. In this section,
all the information obtained on the strange decay fractions
concerning their V/A character are summarized in order to
determine the corresponding inclusive rates. In addition,
the separation of vector and axial-vector components is
presented for the nonstrange KKπ mode.

5.1 τ− → (Knπ)−ντ

The branching ratios for the strange sector of τ decays are
globally reconsidered in Table 7, with the respective cur-
rent contributions unambiguously separated for the K−,
(Kπ)−, K−η and (Kππ)− modes. In the (K3π)− mode,
the contribution expected from the axial-vector K1(1270)
decay into K−ω is subtracted. The total (K4π)− and
(K5π)− contributions are estimated on the basis of the
branching ratios for the 5π and 6π modes [18] with
Cabibbo and kinematic suppression, even though the re-
sulting total contribution is small in comparison to the
precision achieved in the measurement of the strange sec-
tor of τ decays. For the non-K−ω part of (K3π)−, the
(K4π)− and the (K5π)− contributions, it is assumed that
vector and axial-vector contribute equally with 100% anti-
correlated errors. The corresponding branching ratios for
vector and axial-vector final states are

B(τ− → V −(S = −1)ντ ) = (15.9 +1.6
−1.4) × 10−3 (25)

and

B(τ− → A−(S = −1)ντ ) = (12.8 +1.4
−1.7) × 10−3 . (26)

The total branching ratio for all strange τ decays

B(τ− → (V +A)−(S = −1)ντ ) = (28.7±1.2)×10−3 (27)

Table 7. Branching ratios for vector and axial vector current
contributions to the strange sector of τ decays. The branching
fractions for the K4π and K5π modes are obtained from the
measured branching ratios for the 5π and 6π in [18] introducing
the Cabibbo suppression and kinematic factors. Vector and
axial vector currents in the K3π, K4π and K5π are assumed
to contribute equally

Mode BV (10−3) BA (10−3) BV +A (10−3)

K− − 6.96 ± 0.29 6.96 ± 0.29
(Kπ)− 13.60 ± 0.62 − 13.60 ± 0.62
(K2π)− 1.39+1.30

−1.01 4.58+1.23
−1.49 5.97 ± 0.74

K−
1 (1270) → K−ω − 0.67 ± 0.21 0.67 ± 0.21

K−η 0.29+0.15
−0.14 − 0.29+0.15

−0.14

(K3π)− 0.38 ± 0.53 0.38 ± 0.53 0.76 ± 0.44
(K4π)− 0.17 ± 0.37 0.17 ± 0.37 0.34 ± 0.34
(K5π)− 0.03 ± 0.10 0.03 ± 0.10 0.06 ± 0.06

Sum 15.86+1.60
−1.37 12.79+1.43

−1.66 28.65 ± 1.17

is known with better precision.
An estimate of the size of nonperturbative QCD con-

tributions can be obtained from the ratio

B(τ− → V −(S = −1)ντ ) − B(τ− → A−(S = −1)ντ )
B(τ− → (V + A)−(S = −1)ντ )

= (11+10
−8 )% , (28)

which is consistent with zero, but cannot rule out a sig-
nificant nonperturbative component. In comparison, the
value (1.7 ± 1.0)% was obtained in the nonstrange sector
of τ decays [2].

5.2 τ− → (KKπ)−ντ

In the analysis of the nonstrange spectral functions [1,2],
fractions of (50 ± 50)% vector and axial-vector currents
were assumed for lack of a better knowledge in τ− →
(KKπ)−ντ decays. Due to the anti-correlation between
vector and axial-vector, this uncertainty was important
for the difference V − A.

In this analysis, two methods are considered in order to
separate the vector and axial-vector contributions in the
KKπ mode. The first method based on the G-parity [25]
applies best to the cases of either a pure vector or a pure
axial-vector state. The second method is to compare the
inclusive V + A KKπ spectral function of τ decays with
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the corresponding isovector cross section measurements in
e+e− annihilation, providing the V part by means of CVC.

The G-parity of the KKπ system is determined by
the KK system with GKK = (−1)IKK (−1)lKK . Since the
K0K−π0 mode can only have IKK = 1, the corresponding
decay width amounts to half of the total decay width for
IKK = 1. The isospin configuration IKK = 0 contributes
to both the K0K0π− and K+K−π− modes. In addition,
the lKK values are always odd for K0

SK0
L and even for

K0
SK0

S or K0
LK0

L. The two following ratios are therefore
defined [25]:

r0 =
ΓK0

SK0
Sπ− + ΓK0

LK0
Lπ−

ΓK0
SK0

Lπ−
=

2Γ 0
A + Γ 1

V

2Γ 0
V + Γ 1

A

, (29)

and

r =
ΓK0K0π− + ΓK+K−π− − ΓK0K−π0

ΓK0K−π0

= 2
Γ 0

A + Γ 0
V

Γ 1
A + Γ 1

V

, (30)

where Γ 0
V,A and Γ 1

V,A are the decay widths for the IKK = 0
and IKK = 1 states, respectively. For pure vector, one
has 1/r = r0, whereas r = r0 for pure axial vector. The
branching ratio measurements from ALEPH give

r0 = 0.52+0.32
−0.25 (31)

and
r = 1.19+0.60

−0.45 . (32)

Consequently, the probabilities for the KKπ mode being
a pure axial vector and a pure vector are computed to
be about 25% and 50%, respectively. It is therefore not
possible to draw a firm conclusion from this study. This
is not too surprising as the KKπ mode is observed to
be dominated by K∗K, in which case the previous test
becomes degenerate.

Another possibility is the comparison between the
measured spectral function in τ decay and the measured
isovector cross sections in e+e− → KKπ. The application
of CVC makes it possible to link the τ decays into KKπ
final states with e+e− annihilation into isovector states
K0

SK±π∓ and K±K∓π0, via the relation

σI=1
e+e−→KKπ

=
4πα2

s
v1,KKπντ

, (33)

where σI=1
e+e−→KKπ

is the isovector cross section, α is the
electromagnetic fine structure constant, and v1,KKπντ

is
the corresponding vector τ spectral function. There is only
isovector in τ decay, while the isospin for the KKπ sys-
tem in e+e− annihilation can be either 0 or 1. By studying
the Dalitz plot, the DM1 [29] and DM2 [30] experiments
observed K∗K dominance and concluded that the reac-
tion e+e− → KKπ is dominated by the isoscalar (reso-
nant) amplitude, whereas a small isovector component is
extracted from the interference of both amplitudes.

The measured invariant mass-squared distribution of
the KKπ system in τ decay (Fig. 4) is transformed into

-0.1

0

0.1

0.2

1.5 2 2.5 3 3.5

● τ decay ALEPH

∆ e+e- DM1

❒ e+e- DM2

M2(KK
–

π) (GeV/c2)2

v+
a

Fig. 8. The V +A spectral function using the KKπ data from
τ decays compared to those derived from the isovector e+e−

cross sections. The e+e− data are taken from DM1 [29] and
DM2 [30]

the V + A spectral function (according to (34) in the
next section). The cross section measurements for e+e− →
KKπ [29,30] are also converted into a spectral function
according to (33). Since the DM1 and DM2 experiments
only provide studies of K0

SK±π∓, the full KKπ spectrum
is obtained by scaling up the K0

SK±π∓ contribution by a
factor of three. Figure 8 shows the comparison between τ
decay and e+e− annihilation. A fairly large excess is ob-
served below 2.5 (GeV/c2)2 compared to the I = 1 e+e−

data. The measured cross sections of e+e− → KKπ are
translated by CVC into the expected vector branching ra-
tio BV (τ− → (KKπ)−ντ ), yielding (0.67 ± 0.27) × 10−3

for the DM1 measurement and −(0.12 ± 0.26) × 10−3 for
the DM2 measurement, which are averaged to (0.26 ±
0.39) × 10−3. This value is much smaller than the mea-
sured branching ratio B(τ− → (KKπ)−ντ ) = (4.60 ±
0.50) × 10−3, yielding a dominant axial-vector fraction of
(94+6

−8)%.
One can combine all the information sensitive to the

V and A fractions: relative rates of different KKπ modes
in τ decay and comparison of total rates in τ decays and
I = 1 e+e− annihilation. It is found that the IKK = 1
component in the dominant axial-vector part is (75±9)%,
while in the much smaller vector part it amounts to (43±
28)%. These fractions agree with the expected value of
2/3 for K∗K dominance, established for the axial-vector
current in this paper, and for the vector current in e+e−
annihilation [29,30].

A natural candidate to explain the dynamics of the
KKπ mode is the decay a1 → K∗K. In fact the observed
mass spectrum agrees well with the Monte Carlo predic-
tion based on this model (Fig. 4), showing a sharp rise
at the K∗K threshold. Under the assumption of a1 domi-
nance and using the branching ratio B(τ → a1ντ ) [31], one
gets the branching fraction B(a1 → K∗K) = (2.6±0.3)%.
This value is in good agreement with the preliminary re-
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sult from a partial wave analysis [32] in the τ → ππ0π0ντ

channel, including the opening of the K∗K decay chan-
nel in the a1 total width, yielding B(a1 → K∗K) =
(3.3±0.5±0.1)%. This observation provides an additional
and independent argument for axial-vector dominance in
the KKπ mode.

The observed axial-vector dominance is in qualitative
agreement with the models developed in [20,23] and in
contradiction with those proposed in [33,34].

6 The total strange spectral function

Theoretically, the hadronic τ decay width can be formu-
lated in terms of the spectral functions [35] v1(s), a1(s)
and a0(s) for the nonstrange part, and vS

1 (s), aS
1 (s), vS

0 (s)
and aS

0 (s) for the strange part, where s is the hadronic
mass-squared. The notations v and a stand for vector and
axial-vector, while the subscript refers to the spin J of
the hadronic system. These spectral functions can be ex-
perimentally determined by measuring the invariant mass
spectra of given hadronic modes and normalizing them to
their respective branching ratios. The nonstrange spectral
functions (v1/a1 and a0) are defined and measured in [1,
2], and the strange spectral functions read

vS
1 (s)/aS

1 (s)

≡ M2
τ

6|Vus|2SEW

B(τ− → V −/A−(S = −1, J = 1)ντ )
B(τ− → e−ν̄eντ )

× 1
NV/A

dNV/A

ds

[(
1 − s

M2
τ

)2 (
1 +

2s

M2
τ

)]−1

(34)

and

vS
0 (s)/aS

0 (s)

≡ M2
τ

6|Vus|2SEW

B(τ− → V −/A−(S = −1, J = 0)ντ )
B(τ− → e−ν̄eντ )

× 1
NV/A

dNV/A

ds

(
1 − s

M2
τ

)−2

, (35)

where |Vus| = 0.2218 ± 0.0016 [18], Mτ = (1776.9+0.31
−0.27)

MeV/c2 is taken from the BES measurement [36], SEW =
1.0194±0.0040 accounts for the electroweak radiative cor-
rections [37], and dNV/A/NV/Ads denotes the normalized
distribution of the invariant mass-squared of the corre-
sponding vector/axial-vector decay channels V/A. The
leptonic branching ratio is taken to be B(τ− → e−ν̄eντ ) =
(17.794±0.045)%, where the precision has been improved
by applying lepton universality as described in [2]. The
dominant contribution to aS

0 (s) is expected to be provided
by the single kaon pole with aS

0,K(s) = 4π2f2
Kδ(s − M2

K).
Because the spectral functions measure the transition

probability to create hadrons with a mass
√

s from the
QCD vacuum, they are the natural input to QCD studies,
allowing tests to be performed at a running mass scale less
than or equal to Mτ . Their nonstrange vector part can
be directly related to the low energy e+e− annihilation
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Fig. 9. Measurement of the total hadronic vector and axial-
vector spectral function (dots with error bars) from τ decays
into strange final states with its different contributions indi-
cated. The errors include systematic uncertainties. The kaon
pole is not shown in this plot. The shapes for the K−η and
Knπ(n ≥ 3) modes are obtained from the Monte Carlo simula-
tion. The parton model prediction is given by the solid straight
line

cross section using CVC. In addition, the strange spectral
function carries information on the strange quark mass.

The total strange spectral function is shown in Fig. 9.
The spectra for the Kπ and Kππ modes are obtained
from the corrected mass spectra, taking into account the
acceptance and bin migration corrections. For the other
modes a phase space generator is used to simulate the
corresponding mass distributions. The contributions from
the respective channels are normalized to the correspond-
ing branching ratios according to (34).

The K∗(892)− resonance stands out clearly on the low
mass side, while within a large uncertainty (dominated by
background subtraction in the (Kππ)− modes) the higher
energy part is consistent with the parton model expecta-
tion.

The total strange spectral function is used in the fol-
lowing section, in order to construct spectral moments
needed for the QCD analysis.

7 The strange quark mass

A main goal of the present analysis is the determination
of the strange quark mass ms. The method adopted fol-
lows the line of the recent ALEPH αs(M2

τ ) determination
from nonstrange hadronic τ decays [2] and is based on a
simultaneous fit of QCD parametrizations, including per-
turbative and nonperturbative components, to measured
observables. A more detailed account of this method and
of the phenomenological context can be found in [15].
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7.1 The strange hadronic decay ratio Rτ,S

As previously demonstrated in [3], the inclusive τ decay
ratio into strange hadronic final states,

Rτ,S =
Γ (τ− → hadrons−

S=−1 ντ )
Γ (τ− → e− ν̄eντ )

, (36)

can be used due to its precise theoretical prediction [10,
11] in the framework of the Operator Product Expansion
(OPE) [38] to determine ms(s) at the scale s = M2

τ . Since
then it was shown [12] that the perturbative expansion
used for the massive term in [11] was incorrect. After
correction the series shows a problematic convergence be-
haviour [12–14].

Following [10] the theoretical prediction for the inclu-
sive vector plus axial-vector hadronic decay rate is given
by

Rτ (M2
τ )

= 12πSEW

M2
τ∫

0

ds

M2
τ

(
1 − s

M2
τ

)2

×
[(

1 + 2
s

M2
τ

)
ImΠ(1+0)(s) − 2

s

M2
τ

ImΠ(0)(s)
]

,(37)

with the two-point correlation functions Π(J) =
|Vud|2Π(J)

ud,V +A+|Vus|2Π(J)
us,V +A for the hadronic final state

of the spin J . The choice of the particular spin combina-
tion for the correlators taken in (37) is justified in [10].
Equation (37) can be decomposed as

Rτ,(S) = 3|V |2SEW (38)

×

1 + δ(0) + δ(2−mass) +

∑
D=4,6,...

δ(D) + δ′
EW


 ,

where V = Vud (V = Vus) for the nonstrange (strange)
case is the corresponding CKM matrix element. The resid-
ual non-logarithmic electroweak correction δ′

EW ' 0.0010
[39] is neglected in the following. Throughout this analysis,
all QCD observables are expressed in the MS renormaliza-
tion scheme.

7.1.1 Perturbative contributions

The δ(0) term in (38) is the perturbative part of mass di-
mension D = 0, known to third order [40] in the expansion
with as(M2

τ ) = αs(M2
τ )/π, and studied in detail in [2].

Next, the δ(2−mass) term is the mass contribution of di-
mension D = 2, in practice only important for the strange
quark mass and the subject of the present study. The
fixed-order perturbation theory (FOPT) gives [11,12]

δ
(2−mass)
S = − 8

m2
s(M

2
τ )

M2
τ

[
1 +

16
3

as(M2
τ ) + 46.00 a2

s(M
2
τ )

+
(

283.6 +
3
4

x
(1+0)
3

)
a3

s(M
2
τ )

]
. (39)

The third order coefficient x
(1+0)
3 occurs in the expansion

of the massive J = 1 + 0 correlator [11,41,42], while the
J = 0 correlator is known up to third order. Assuming the
perturbative expansions to behave like a geometric series,
one can estimate the unknown coefficient to be x

(1+0)
3 ≈

x
(1+0)
2 (x(1+0)

2 /x
(1+0)
1 ) = 165±330, using as error twice the

estimated contribution. Setting αs(M2
τ ) = 0.334 [2], (39)

becomes

δ
(2−mass)
S = − 8

m2
s(M

2
τ )

M2
τ

× [1 + 0.57 + 0.52 + (0.49 ± 0.29)] , (40)

which converges badly.
A so-called contour-improved FOPT [43,44] analysis

(FOPTCI) for the dimension D = 2 contribution has been
presented in [13,14]. It consists of a direct numerical eval-
uation of the contour integral derived from (37), using
the solution of the renormalization group equation (RGE)
to four loops [45,46] as input for the running αs(s) and
ms(s). This provides a resummation of all known higher
order logarithmic integrals and was observed to improve
the convergence of the massless perturbative series [2,43].
With the above value for αs, the contour-improved evalu-
ation of the perturbative series reads

δ
(2−mass)
S,CI = − 8

m2
s(M

2
τ )

M2
τ

× [0.97 + 0.49 + 0.38 + (0.34 ± 0.04)] , (41)

with somewhat improved convergence compared to FOPT
(40). Therefore, the results of the following analysis are
based on the FOPTCI approach.

Independently of whether FOPT or FOPTCI is used,
the origin of the convergence problem is found in the J = 0
component as defined in (37)

δ
(2−mass)
S (J = 0) = − 8

m2
s(M

2
τ )

M2
τ

× [0.41 + 0.32 + 0.32 + 0.37] , (42)

while the J = 1 + 0 part converges very well,

δ
(2−mass)
S (J = 1 + 0)

= −8
m2

s(M
2
τ )

M2
τ

[0.56 + 0.16 + 0.05 − (0.04 ± 0.04)] .(43)

Following these observations, two methods are consid-
ered in the following in order to determine ms(M2

τ ):
– in the inclusive method, the inclusive strange hadronic

rate is considered and both J = 1 + 0 and J = 0 are
included with their respective convergence behaviour
taken into account in the theoretical uncertainties.

– the ‘1+0’ method singles out the well-behaved J =
1 + 0 part by subtracting the experimentally deter-
mined J = 0 longitudinal component from data. The
measurement is then less inclusive and the sensitivity
to ms is significantly reduced; however, the δ2 pertur-
bative expansion is under control and the correspond-
ing theoretical uncertainty is reduced.
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Since the J = 0 expansion is problematic, the results
are given with the ‘1+0’ method, while the inclusive ap-
proach is used as an insight into the handling of (42).

7.1.2 Nonperturbative contributions

The last term in (38) represents the nonperturbative con-
tribution which, using the OPE, can be written as a sum
of powers of MD

τ :

δ(D) =
∑

dimO=D

C(s, µ)
〈O(µ)〉

(−M2
τ )D/2 , (44)

where the parameter µ separates the long-distance non-
perturbative effects, absorbed into the vacuum expecta-
tion elements 〈O(µ)〉, from the short-distance effects
which are included in the Wilson coefficients C(s, µ) [47].

The dimension D = 4 operators have dynamical con-
tributions from the gluon condensate 〈(αs/π)GG〉, the
quark condensates mu〈ūu〉, md〈d̄d〉 and ms〈s̄s〉, and the
running quark masses to the fourth power. The contribu-
tions from dimension D = 6 and D = 8 operators are
rather complex and they are taken into account by in-
troducing effective scale independent operators 〈O6〉 and
〈O8〉 that are fitted to the data.

7.2 Evidence for the effect of a massive strange quark

From the result found from this analysis on the branching
ratio for τ decays into all strange hadronic final states
(27), one obtains

Rτ,S = 0.1610 ± 0.0066 , (45)

using the value for B(τ− → e−ν̄eντ ) given in Sect. 6.
The result (45) can be readily compared with the QCD

prediction for a massless strange quark neglecting the non-
perturbative contributions,

R
(0)
τ,S = 0.1809 ± 0.0036 , (46)

where the quoted error mainly reflects the uncertainties
on αs(M2

τ ) and Vus. The two values differ by 2.7σ, in the
direction predicted for a non-zero ms value.

This is evidence for the effect of a massive strange
quark in a single observable which is essentially predicted
by perturbative QCD, providing the basis for the deter-
mination of the running mass ms at the scale of the τ
mass.

7.3 Spectral moments

As proposed in [48] and successfully applied in several
αs(M2

τ ) analyses [2,49–51], the spectral functions are used
to construct the moments

Rkl
τ,(S) ≡

M2
τ∫

0

ds

(
1 − s

M2
τ

)k (
s

M2
τ

)l dRτ,(S)

ds
, (47)

with R00
τ,(S) = Rτ,(S) for the nonstrange and the strange

cases, respectively. The theoretical prediction for the mo-
ments (47) follows the line described above, leading to
expressions similar to (38) with nonperturbative contribu-
tions δkl(D) [15]. Fitting the τ decay rate and the spectral
moments allows ms(M2

τ ) and the nonperturbative opera-
tors of dimension D = 6 and D = 8 to be simultaneously
obtained.

In order to reduce the theoretical uncertainties, the
difference between nonstrange and strange spectral mo-
ments, properly normalized with their respective CKM
matrix elements, is considered:

∆kl
τ ≡ 1

|Vud|2 Rkl
τ,S=0 − 1

|Vus|2 Rkl
τ,S=−1 , (48)

for which the massless perturbative contribution vanishes
so that the theoretical prediction now reads (setting mu =
md = 0)

∆kl
τ = 3SEW


− δ

kl(2−mass)
S +

∑
D=4,6,...

δ̃kl(D)


 . (49)

For the dimension D = 4 nonperturbative contribution,
the flavour independent gluon condensate disappears in
the difference, leaving only the quark condensate terms.
The fitted δ̃kl(6,8) contain the higher-order nonperturba-
tive contributions to the difference of nonstrange and
strange moments. Since the nonstrange nonperturbative
contributions to the inclusive V + A hadronic decay ratio
have been found to be very small [2], one has δ̃kl(4,6,8) ≈
−δ

kl(4,6,8)
S .
In this analysis, the nonstrange spectral function ob-

tained from [2] has been appropriately scaled making use
of the updated value of Rτ,S .4 The experimental results
of the spectral moments (48) and their correlations are
given in Table 8. For the CKM matrix elements the val-
ues |Vud| = 0.9751±0.0004 and |Vus| = 0.2218±0.0016 [18]
are used, while the errors are included in the theoretical
uncertainties discussed in the next section. In the inclu-
sive V + A nonstrange case the correlations between the
hadronic decay ratio, obtained essentially using universal-
ity from the leptonic branching ratios and the τ lifetime,
and the spectral moments are negligible (see [2]). On the
contrary, all (k, l) moments used here suffer from large
correlations due to the common input from the strange
spectral function. This reduces the independent informa-
tion used in the fit and thus generates strong correlations
between the adjusted parameters.

Figure 10 shows the weighted integrand of the lowest
moment ∆00

τ (see (47),(48)) from the ALEPH data, as a
function of the invariant mass-squared, and for which the
expectation from massless perturbative QCD vanishes.

4 Rτ,S=0 is obtained from the difference Rτ − Rτ,S , in which
Rτ is directly derived from the leptonic branching ratio quoted
in Sect. 6
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Table 8. Measured spectral moments ∆kl
τ (left table) and

their experimental correlations (right table)

(k, l) ∆kl
τ

(0,0) 0.394 ± 0.137
(1,0) 0.383 ± 0.078
(2,0) 0.373 ± 0.054
(1,1) 0.010 ± 0.029
(1,2) 0.006 ± 0.015

(k, l) (0,0) (1,0) (2,0) (1,1) (1,2)

(0,0) 1 0.94 0.83 0.98 0.91
(1,0) – 1 0.97 0.87 0.72
(2,0) – – 1 0.72 0.53
(1,1) – – – 1 0.95
(1,2) – – – – 1

7.4 Separation of J = 0, 1 components

Although the J = 0 component has not been thoroughly
investigated in the data, it is clear that it is dominated
by the single K pole. Other contributions can be identi-
fied: (i) off-shell vector K∗ resonances can generate a 0+

component [52], however too small to have a significant
effect in this analysis, and (ii) production of the scalar
K∗

0 (1430) resonance may occur as discussed below.
The K∗

0 (1430) state decays almost exclusively into Kπ
with a branching ratio of (93 ± 10)% [18] and a fit to
the K−π0 mass distribution as discussed in Sect. 4.1 pro-
vides a branching ratio B(τ → K∗

0 (1430)ντ ) = (0.0 ±
2.5) × 10−4. It is therefore clear that 0+ contributions are
strongly suppressed (< 1.6× 10−2) compared to the dom-
inant 1− production. This is expected from chiral symme-
try breaking, with contributions reduced by ∼ (mK/Mτ )4
as discussed in [52], not including the τ kinematic factor
which disfavours higher mass states.

No direct estimate of extra 0− components beyond the
single K can be made from the present data in the Kππ
modes. This is due to the lack of statistics and to the
background subtraction, especially in the high mass region
where some evidence for a broad pseudoscalar state at
1460 MeV/c2 exists [18]. A contribution equal to the 0+

one (actually an upper limit) is assumed in this case.

The evaluation of the J = 0 contributions to Rτ,S

obtained from integration of (37) using fK from (6) gives

R
(0)
τ,S(K) = − 0.00615 ± 0.00026 , (50)

R
(0)
τ,S(other 0−, 0+) = − 0.0015 ± 0.0015 , (51)

leading to the result

∆00
τ (J = 0) = 0.155 ± 0.031 , (52)

where the J = 0 contributions in the nonstrange part
have been computed to be −0.00076 for the π pole (using
the corresponding ALEPH branching ratio [31]) and safely
assumed to be negligible in the other modes. Similarly, the
J = 0 contributions are obtained for all (k, l) values and
subtracted from the measured moments.

7.5 Theoretical parameters and uncertainties

The recent ALEPH measurement of the strong coupling
constant [2], αs(M2

τ ) = 0.334±0.007exp±0.021th , is used.
The theoretical error is dominated by uncertainties due to
the truncation of the perturbative series so that correla-
tions between the above value and the moments (48) are
negligible, with the latter dominated by the uncertainties
on the strange part.

The dependence on the renormalization scheme (MS)
used is already included in the theoretical error on αs(M2

τ )
and thus not further added in order to avoid double count-
ing.

The renormalization scale (µ) dependence of the D = 2
prediction has been studied in [13]. When varying µ away
from Mτ , additional logarithms enter the series and due to
its truncation at finite order, a residual dependence on µ
is left. To estimate the associated uncertainty, µ is varied
from 1.3 to 3.6 GeV/c2.

The uncertainty originating from the truncation of the
perturbative series for the dimension D = 2 term is han-
dled as follows: the estimated error is taken as the full size
of the last term retained in the expansion, namely of order
α3

s for the J = 1 + 0 series. Some redundancy is expected
between the uncertainties estimated for the renormaliza-
tion scale dependence and the truncation of the perturba-
tive series. However, both errors are conservatively kept
and added in quadrature.

For the dimension D = 4 nonperturbative contribution
the products of quark condensates and quark masses are
taken from the PCAC relations with some correction for
the strange quark [15]. No errors are introduced for the
higher dimensional operators since they are fixed experi-
mentally. Finally, a small uncertainty is included from the
error on SEW.

Table 9 gives the above theoretical uncertainties on
ms(M2

τ ). The main error contribution stems from the |Vus|
uncertainty [18].

7.6 Results

The fit minimizes the χ2 of the differences between mea-
sured and fitted quantities contracted with the inverse of
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Table 9. Theoretical uncertainties on ms(M2
τ ). The uncer-

tainty from the truncation of the perturbative series for the
D = 2 mass term is estimated from adding or subtracting the
value of the last retained term in the QCD expansion. The
unequal positive and negative errors on ms are averaged

Error source Range ∆ms(M2
τ )

(MeV/c2)

αs(M2
τ ) 0.334 ± 0.022 3

truncation 11
R-scale µ (1.3 − 3.6) GeV/c2 6
ms〈s̄s〉 −(1.63 ± 0.29) × 10−3 GeV4 1
SEW 1.0194 ± 0.0040 1
|Vus| 0.2218 ± 0.0016 22
Total errors 26

the sum of the experimental and theoretical covariance
matrices. Due to the large correlations and the statistical
limitation of the spectral functions at the end of the τ
phase space, higher moments l > 2 do not add significant
information to the fit. The results for ms(M2

τ ) and the
nonperturbative contributions to ∆

00(1+0)
τ for the ‘1+0’

method are

ms(M2
τ )

=
(
176+37exp+24th

−48exp−28th
± 8fit ± 11J=0

)
MeV/c2 , (53)

δ̃(6) = 0.039 ± 0.016exp ± 0.014th ± 0.004fit , (54)

δ̃(8) = − 0.021 ± 0.014exp ± 0.008th ± 0.003fit , (55)

with a χ2/ndf of 0.2/2.
The errors are separated according to their experimen-

tal, theoretical, fit and spin separation origins. The fit er-
ror stems from an intrinsic bias in the χ2 minimization,
due to the large correlations of the input observables, and
includes the total difference between the fit results with
and without correlations, while the results without cor-
relations are given as central values, as discussed in [53].
The correlation matrix corresponding to the fit results is
given in Table 10.

The result (53)

ms(M2
τ ) = (176+46

−57) MeV/c2 (56)

can be evolved to the scale of 1 GeV using the four-loop
RGE γ-function [46], yielding

ms(1 GeV2) = (234+61
−76) MeV/c2 . (57)

The fitted ms value corresponds to a contribution δ
(2)
S

= −(0.058 ± 0.027) to R
(1+0)
τ,S . No operator of dimension

D = 4 has been fitted except the small quartic strange
mass corrections, for a total contribution δ

(4)
S = −(0.003±

Table 10. Correlation matrix according to the ‘1+0’ fit results

ms(M2
τ ) δ̃(6) δ̃(8)

ms(M2
τ ) 1 0.74 −0.92

δ̃(6) – 1 −0.83
δ̃(8) – – 1

0.001), dominated by the strange quark condensate; the
error given is almost entirely of theoretical origin. The
D = 6 and D = 8 strange contributions are δ

(6)
S = −0.038

±0.022 and δ
(8)
S = 0.020 ± 0.016. They are fairly large

compared to the nonstrange case, δ(6) = 0.001 ± 0.004
and δ(8) = −0.001 ± 0.001 [2].

The above results are obtained from the J = 1 + 0
piece which was shown in Sect. 7.1.1 to have a satisfac-
tory convergence in QCD. The inclusive method has a
better experimental definition, but suffers from the bad
convergence properties of the J = 0 part for which a pre-
scription must be specified. A reasonable rule to handle an
asymptotic series is to truncate it where the terms reach
a minimum and then assign as an uncertainty the full
amount of the last term retained. With this prescription,
the J = 0 expansion is stopped after the O(αs) term and,
going through the same steps as before, one gets

ms(M2
τ ) = (149+24exp+21th

−30exp−25th
± 6fit) MeV/c2 , (58)

where this time the theoretical uncertainty is dominated
by the truncation of the perturbative series. The fitted
nonperturbative parts are δ̃(6) = 0.031 ± 0.015 and δ̃(8) =
−0.018 ± 0.011. The results (53) and (58) are consistent
within the uncorrelated part of their errors with a χ2/ndf
of 1.4/1.

It may be interesting to come back to the discarded
J = 0 part in order to get some information regarding the
handling of its ill-behaved perturbative expansion, (43).
Truncating the series at the minimum provides a result
consistent with (53), while keeping the two more known
terms destroys the consistency. This observation supports
the prescription used in the inclusive method. However,
as stated above, the safer determination with the ‘1+0’
method is preferred and given as the final result of this
analysis.

As shown for the nonstrange case in [2], one can sim-
ulate the physics of a hypothetical τ lepton with mass√

s0 smaller than Mτ by replacing M2
τ everywhere in (37)

by s0. Under the assumption of quark-hadron duality, the
evaluation of the observables as a function of s0 consti-
tutes a test of the OPE approach adopted here, since the
energy dependence of the theoretical predictions is deter-
mined once the parameters are fixed. Figure 11 shows the
running observable ∆

00(1+0)
τ (s0) compared to the corre-

sponding theoretical predictions and the fitted parameters
in (53,54,55). Despite the expected breakdown of the per-
turbative approach at lower scales, it is noteworthy that
the prediction agrees with data at such a low mass scale
within the theoretical uncertainties used in the analysis.
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7.7 Comparison with other determinations of ms

Other determinations of ms have been obtained by analy-
ses of the divergence of the vector and axial-vector current
two-point function correlators [54–64]. The phenomeno-
logical information on the associated scalar and pseudo-
scalar spectral functions is reconstructed from phase-shift
resonance analyses which are yet incomplete over the con-
sidered mass range and need to be supplemented by other
assumed ingredients, in particular the description of the
continuum, thus introducing systematic effects.

Another approach [65] considers the difference between
isovector and hypercharge vector current correlators as re-
lated to the I = 1 and I = 0 spectral functions accessible
in e+e− annihilation into hadrons at low energy. A recent
reanalysis [66] points out the possibility of large correc-
tions from isospin breaking, leading to significant devia-
tions for the extracted ms value.

Finally, lattice QCD calculations of ms are available
[67–70]. Their values show quite a large spread.

The present determination of ms is directly compared
with the other derivations in Fig. 12 where all values are
given at a mass scale of 1 GeV. Qualitative agreement is
observed, the value from the present analysis being rather
on the high side of the range of previous determinations.
The precision of the result is unfortunately still limited.
As an example, the Standard Model prediction for the
CP-violation parameter ε′/ε is strongly dependent on the
value of ms and the present determination translates into
a range of ε′/ε values spanning a factor of five [9], but
favouring “low” values for this ratio.

8 Conclusion

All ALEPH measurements on τ decays with kaons are
summarized to provide an overall review and a compre-
hensive study of these decays.

Comparing the decays τ− → K−ντ and K− → µ−ντ

shows agreement with µ−τ universality within 2% uncer-
tainty.

The investigation of mass spectra shows that the (Kπ)−
decay mode is dominated by K∗(892)−. A K∗(1410) con-
tribution is extracted from a fit to the Kπ mass spectrum
through its interference with the dominant K∗(892).

The (Kππ)− decay modes are observed to proceed
through the K1(1270), K1(1400) and K∗(1410) resonances.
The relative contributions are extracted by fitting the ππ
and Kππ mass spectra, separating the vector and axial-
vector contributions. The vector current contribution to
the Kππ modes is found to be (23+22

−17)%.
According to CVC, the vector spectral function for the

(KKπ)− modes is connected to low energy e+e− annihila-
tion, allowing one to conclude that (94+6

−8)% of this decay
mode proceeds through the axial-vector current. Because
the latter is dominated by the a1 resonance, a branching
ratio B(a1 → K∗K) = (2.6 ± 0.3)% is obtained.

Tests of isospin symmetry for the (Kπ)−, (Kππ)− and
(KKπ)− modes are performed. A good consistency with
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Fig. 11. The observable ∆
00(1+0)
τ (s0) as a function of the

“τ -mass”-squared s0. The curve is plotted as a one-standard
deviation error band to emphasize its strong point-to-point cor-
relations. Also shown is the theoretical prediction for the fit
parameters given in (53,54,55)

0 200 400

τ decay ALEPH

K* SR [55,62,64]

e+e– SR [65,66]

Lattice [67,68,69,70]

mS(1 GeV2) (MeV/c2)

Fig. 12. The ALEPH determination of ms(1 GeV2) compared
to the results of other approaches. Details are given in the text
(SR = sum rules). The references are listed in the order of the
results from top to bottom

the expectation from isospin invariance is observed, pro-
viding useful information on the decay dynamics in these
final states.

The branching ratio for τ decay into all strange final
states is determined to be B(τ− → X−(S = −1)ντ ) =
(28.7±1.2)×10−3 and the total strange spectral function
is derived from the corresponding mass spectra.

Using the total rates, as well as moments of the respec-
tive spectral functions, through a combination of strange
and nonstrange parts which cancel the dominant massless
perturbative QCD contribution, a global fit is performed
providing a determination of the strange nonperturbative
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contributions and of the s quark mass. The value obtained
is ms(M2

τ ) = (176+46
−57) MeV/c2, which is evolved to 1 GeV

to yield ms(1 GeV2) = (234+61
−76) MeV/c2, in agreement

with other determinations.
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